’

      $

      %

’

      $

      %

’

      $

      %

’

      $

      %

’

      $

      %

’

      $

      %

Solution to Exercise 13

’

      $

      %

’

&

      $

      %

Run test for comparing 2 samples

Given two sets of measurements, (x_1, ..., x_n) and (y_1, ..., y_m), where n ˇ m, we wish to test the hypothesis,

H_0 : f_x(x) = f_y(y)

To do this, make an ordered list of the combined sample, for example x_1 x_2 y_1 x_3 y_2 y_3 x_4 x_5 and count the number of runs (groups of elements from the same set of measurements). If H_0 is true, there should be a large number of runs. To find the probability to find r runs for two random samples from the same distribution is a problem in combinatorics,

p(r = 2k) = 2

(_n�_1 k�1^{)(m} �1_k �1^) (_{n+m} n ) , r even

p(r = 2k � 1) =

(_n�_1 k�2^{)(m} �1_k �1^{) + (n}

�1_k �1^{)(m} �1_k �2^) (_{n+m} n ) , r odd

The distribution has the mean and variance,

μ_r = 2nm n + m + 1 V (r) = 2nm(2nm � n � m) (n + m)^2(n + m � 1)

and for large n, m (n, m > 10), d = (r � μ_r)/ √ V (r) approximately follows the standard Gaussian, G_{(0,1)}.

’

&

      $

      %

Run test to supplement Pearson’s Ø^2 test

Recall that X^2 is insensitive to the sign of (n_i � np^0_i ). An additional test comes from considering the sign of this quantity in subsequent bins and counting the number of runs. In the case where no parameters of the model have been determined from the data, the run test and the χ^2 tests are independent, and so they can be combined into a simple test, and the quantity u = �2(ln P_χ2 + ln p(r)) will follow χ^2 with 4 d.o.f.

Proof: Suppose x is uniformly distributed in [0, 1], consider

u = �2 ln x. To work out its distribution function: g(u) du = f(x) dx (f(x) = 1) g(u) = | | | dx du | | | = 1 2 e�^1_2 u

This is the χ^2 distribution function for 2 degrees of freedom.

Given x_1 and x_2 which are both uniformly distributed in [0, 1], the variable u,

u = �2 (ln x1 + ln x2)

will follow a χ^2 distribution with 4 degrees of freedom.

’

&

      $

      %

Example of Run test with Ø^2 test

A simulated data sample is shown below along with a distribution function that was not used to generate the data sample. There are 20 bins shown, and the distribution function was normalized to match the number of events in the data sample.

The value of X^2 for this distribution is 25.2, for 19 d.o.f., resulting in P_χ2 = 0.16, which alone gives little reason to suspect the model. There are 7 bins with negative (n_i � np^0_i ) and 13 positive bins, with only 5 runs in the signs, so that p(r = 5) = 0.0074 is reason to reject the hypothesis.

The combination u = �2(ln P_χ2 + ln p(r)) = 13.5 corresponds to probability ß 0.009.

’

&

      $

      %

References for Statistics

1. Probability and Statistics in Particle Physics, A. G.

Frodesen, O. Skjeggestad, H. Tøfte, Columbia University Press, 1978.

2. Statistical Methods in Experimental Physics, W. T.

Eadie, D. Drijard, F. E. James, M. Roos, B. Sadoulet, North Holland, 1971.

3. Statistics for Nuclear and Particle Physicists, L. Lyons, Cambridge University Press, 1986. (Very elementary.)

4. Probability, Statistics, and Monte Carlo, in Review of Particle Properties, Phys. Rev. D50 Part I (1994) 1271–1284.